WEIGHTED ^-INCOMPLETE PLURIPOTENTIAL THEORY 



MUHAMMED ALI ALAN 



Abstract. Weighted pluripotential theory is a rapidly developing area; and Callaghan 
[Cal07j recently introduced ^-incomplete polynomials in for d > 1. In this paper we 
combine these two theories by defining weighted ^-incomplete pluripotential theory. 
We define weighted ^-incomplete extremal functions and obtain a Siciak-Zahariuta 
type equality in terms of ^-incomplete polynomials. Finally we prove that the ex- 
tremal functions can be recovered using orthonormal polynomials and we demonstrate 
a result on strong asymptotics of Bergman functions in the spirit of [Berj . 



1. Introduction 

The theory of ^-incomplete polynomials in for d > 1 was recently developed 
by Callaghan |Cal07] . It has many applications in approximation theory. He also 
defined interesting extremal functions in terms of 6'-incomplete polynomials and related 
plurisubharmonic functions. 

This paper has three goals. The first one is to further develop the 6'-incomplete 
pluripotential theory of Callaghan. The second goal is to combine this theory with 
weighted pluripotential theory and get a unified theory by defining weighted 6'-incomplete 
pluripotential theory in C^. If ^ = 0, we get weighted pluripotential theory, and for 
the weight i;; = 1, we get 6'- incomplete pluripotential theory. Finally we show that 
extremal functions in these settings can be recovered asymptotically using orthonormal 
polynomials. 
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In this section we recall some definitions and major results of weighted pluripotential 
theory and we recall Herman's paper |Berj which is a special case of weighted pluripo- 
tential theory. Our initial goal was to study Berman's recent work on globally defined 
weights within the framework of ^-incomplete pluripotential theory. We were able to 
prove many results for admissible weights defined on closed subsets of C^. 

In the second section we recall some important results of ^-incomplete pluripotential 
theory. We improve a result of Callaghan and we extend a result of Bloom and Shiffman 
|BS07j to the 6'-incomplete extremal function Vk^ associated to a compact set K for 
0<9<1. 

In the third section we work on closed subsets of C^. We define the weighted 6- 
incomplete extremal function Vx^q^e for a closed set K and an admissible weight function 
w and we give various properties of this extremal function. We also show that Vx^q^e can 
be obtained via taking the supremum of ^-incomplete polynomials whose weighted norm 
is less then or equal to 1 on K, generalizing the analogous result for VK,e (unweighted 
case) from the previous section. In particular we state analogous results in the case of 
global weights. 

In the last section we recall the Bernstein-Markov property relating the sup norms 
and L'^ifi) norms of polynomials on a compact set K with measure fi. We define a 
version of the Bernstein-Markov property for ^-incomplete polynomials in the weighted 
setting. Then we prove results on asymptotics of orthonormal polynomials to extremal 
functions in the ^-incomplete and weighted setting. Finally in Theorem 14.71 we prove 
a result on strong asymptotics of Bergman functions analogous to the main theorem 
in [Ber] . 

1.1. Weighted Pluripotential Theory. We give some basic definitions from weighted 
pluripotential theory. A good reference is Saff and Totik's book |ST97] for d = 1 and 
Thomas Bloom's Appendix B of |ST97j for d > 1. 

Let i^' be a non-pluripolar closed subset of C"'. An upper semicontinuous function 
w : K ^ [0,oo) is called an admissible weight function on K if 

i) the set {z E K \w{z) > 0} is not pluripolar and 
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ii) If K is unbounded, — > as 1^1 — *■ cxo, z & K. 

We define Q = Qw = — logw, and we will use Q and w interchangeably. 

The weighted pluricomplex extremal function of K with respect to Q is defined as 

(1.1) Vk,q{z) := sup {u{z) \ u E L, u < Q on K} , 
where the Lelong class L is defined as 

(1.2) L := {u \ u is plurisubharmonic on C^, u{z) < log^ \z\ + C}. 

We recall that the upper semicontinuous regularization of a function v is defined by 
v*{z) := limsupf (w) and it is well known that the upper semicontinuous regularization 

w—>z 

of Vk^q is plurisubharmonic and in where 

L+ := {u G L I log+ \z\ + C < u{z)}. 

By Lemma 2.3 of Bloom's Appendix B of |ST97] . the support, Sw, of {dd'^V^qY is a 
subset of S*^ := {z e K \ V^^q{z) >Q{z)}. 

Here dd'^v = 2iddv and {dd'^vY is the complex Monge- Ampere operator defined by 
[dd'^vY = dd'^v A ■ ■ ■ A dd'^v for plurisubharmonic functions which are C^. For the cases 
considered in this paper see |Kli91l IDem87] for the details of the definition. 

A set E is called pluripolar if C {z G | u{z) = — oo} for some plurisubharmonic 
function u. If a property holds everywhere except on a pluripolar set we will say the 
property holds quasi everywhere. 

1.2. A Special Case of Weighted Pluripotential Theory. We recall some defini- 
tions from Berman's paper [Ber J , where the weight is defined globally in C''. Let be 
a lower semicontinuous function, and (f){z) > (1 + e)log|z| for 2; ^ 1 for some fixed 
e > 0. The weighted extremal function is defined as 



(1.3) 



V^{z) := sup{u(z) I u G L and u < (p on C^}. 
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We define 

(1.4) S; := {zeC''\V;{z)><P{z)}and 

(1.5) := snpp{{dd'V;y). 

This is a special case of weiglited pluripotential tlieory witli K = and Q = (p. 
Hence C S^. 

Berman |Berj studied tlie case wliere tlie global weight G C^'^i^C^). In this case we 
define 

(1.6) = {zeC''\V^{z)=<f){z)}, 

(1.7) P = {z eC^l d(f(t){z) exist and is positive}. 

We remark that is a compact set and 5*^ C D^. By Proposition 2.1 of [Ber j . if 

G Ci'^(C'^), then we have 1/^ G Ci'i(C'^) and {dd^V^Y = {dd'^^Y on D^nP almost 
everywhere as {d, d) forms with coefficients. 

Example 1.1. Let 0(2;) = \z\'^. Then we have 



Vsiz) 



IzP if Izl < — 

log|2:| + i-|logi if k|>;i5. 



Clearly the plurisubharmonic function, V ^ on the right hand side is less then or equal 
to 0, hence V < V^. On the other hand the support of the Monge- Ampere measure of V 
is the closed ball of radius l/-\/2 centered at the origin. Since any competitor, m, for 
the extremal function is less then or equal to |zp on this closed ball, by the domination 
principle, (see Appendix B of |ST97j or Theorem 12 . II below) u is less then or equal to V 
on C^. Therefore <V and hence equality holds. 
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2. ^-Incomplete Pluripotential Theory 

We recall the basic notions of 6'-incomplete pluripotential theory from |Cal07j . We 
fix < 6' < 1. A ^-incomplete polynomial in is a polynomial of the form 

N 

(2.1) P{z)= C"^"' 

H = \N9-\ 

where [x] is the least integer greater than or equal to x. Here we use the following 
multi-index notations. Let z = {zi, . . . , za) E and a = (ai, . . . , ad) G N'^, then 

= z'^'^Z2^ . . . z'^'^ and |a| = ai + ■ ■ ■ + aa 

The set of all 6'-incomplete polynomials of the form (12. ip will be denoted by vr^v.^- 
We remark that when 6 = 0, TTN,e is the set of all polynomials of degree at most A^; and 
when 9 = 1, 71n,9 is the set of homogenous polynomials of degree N. 

Related classes of plurisubharmonic functions are defined as follows (See |Cal07j for 
details). 

(2.2) Le = {uE L\u{z) <9\og\z\+C hi \z\ <l}, 

(2.3) Lj = {uELg \ max(01og |;2|,log |;z|) + C < u{z) for all z E C^}. 

We remark that if P G ttn^ then -^log|P| E Lg. Another observation is if 9i > 6*2, 
then Lg^ C L^^. 

The next theorem gives a domination principle for Lg classes. 

Theorem 2.1. |Cal07l Theorem 3.15] Let < 9 < 1. If u E Lg and v E Lj and if 

u < V holds almost everywhere with respect to [dd'^vY , then u < v on C^. 

We remark that for < < 1, we have u{0) = v{0) = —oo and the origin is a 
distinguished point as it is charged by {dd'^vY- 

Callaghan |Cal07j defined the following extremal function for a set C C^: 



(2.4) 



VEfi{z) := sup{u{z) : u E Lg and m < on E}. 
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We will call it the ^-incomplete extremal function of E. The upper semicontinuous 
regularization,V^ g, is in if E is not pluripolar by Lemma 3.7 of |Cal07] . Also if K is 
a regular compact set in C^, then V^g = Vk^- Hence it is continuous except at 2; = 0. 
Here regular means the extremal function of Vk '■= Vka is continuous. We remark 
that {dd^V^ gY is supported in E1J{0}. 

According to ^Cal07j we have the following result for compact sets K, 

(2.5) VK,9 = log^'K,e, 
where 

<l>'^_,(z) = sup{|/(z)|i/^ : / e T^Nfi for some N >l, WfU < 1}. 
We define the following functions for a compact set K. For > 1 we let 

(2.6) ^KfiAz) = sup{|/(^)|:/G7r;v,e,||/||A'<l}and 

(2.7) ^K,B = sup($K,e,jv)'/^. 

N 

The next proposition shows that the supremum in (12.71) is actually a limit. 
Proposition 2.2. With the above notation we have 

sup ^ log^K,9,N = hm ^ log^K,e,N and <l>'^g = ^K^e- 

TV iV N^oo iV ' 

Hence we have lim 4f^og^K9N = VKe- 

Proof. First of all we have ^K,e,j ^K,e,i < ^K,e,j+i for all integers /, J > 0. For if 

J ' ' I ' ' ' ' j+i 

-P(^) = S aaZ°' and Q{z) = J2 baz"", then PQ{z) = ^ CaZ"" is in nj+i^g, 

H=\ej'\ a=[e/] a=\9j'\ + \ei'\ 

since \9J] + \9I] > \9{J + 1)]. 

By taking logarithms we get 

(2.8) log ^K,e,j + log <^K,e,i < log $x 



so by Theorem 4.9.19 of |BG91j . lim -i: log ^i^-^^^Ar exists and equals sup -i: log ^x^^^at. 
Now by Callaghan's result (12. Sp we get the last equality ^'^g = $x,6»- D 
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In the next section we will extend this result to the weighted case. This proposition 
also fixes a gap in the proof of Theorem 8.2 in |Cal06j and we will use it in the proof 
of Theorem 14.31 

The following theorem extends a result of Bloom and Shiffman |BS07] to the 9- 
incomplete case. 

Theorem 2.3. Let K he a regular compact set in C^. Then 

log ^K,e,N VK,e 
uniformly on compact subsets of \ Kg. 

Here Kg is the ^—incomplete hull of K defined for a compact set K as 

(2.9) ke = {zeC''\ \p{z)\ < WpWk for all p G vr^,, for iV = 0, 1, . . . }. 

It is clear that for ^ > 0, the origin always belongs to Kg for any set K, so Kg is often 
larger then the usual polynomially convex hull K := Kq. It is also easy to see that 
kg = {ze C^\VK,e<0}. 

Proof. Let £" be a compact set in \Kg. First we want to show that there exists A^o 
such that (^K,e,Niz) > 1 for all N > Nq for all z e E. 

We fix ^0 ^ and 6 > such that Vk,9{zq) = 26. By the above proposition we have 
lim log ^K,e,N{zo) = 26, so there exists an integer such that for all N > N^^ we 
have log $i^^e,Af(-2o) > ^- In particular ^K,e,N{zo) > 1 for all > N^^. 

Since ^K,e,N:,g is the supremum of continuous plurisubharmonic functions, it is lower 
semicontinuous. Hence Uzq := {z G C"' | ^K,e,N^g{z) > 1} is open. Now we can cover E 
by the sets Uzq, i.e., E C [J U^. There exists a finite subcover, f/^^, .., U^^, of E. Hence 
taking Nq to be the largest of A^^^, . . . , N^^, we can conclude that ^K,e,N{z) > 1 for all 
z E E and for all N > Nq. Thus we have 1 < ^K,e,j < ^K,e,j ^K,e,i < ^k,9,j+i for all 
I,J >No on E. 

We follow |BS07] to prove that the sequence converges uniformly on E. We will 
write -ipN = jf^og^K,e,N- We note that ipNk > i^N for all > A^o- We see this by 



8 MUHAMMED ALI ALAN 

^Nk = m log "^KANk > m log($i^,e,Jv)*^ = m log "^KAN = i^N for > A^'o- From 

we have Nkip^k + ji^j < {Nk + i)ipNk+j for N, k > 1, j > 0. Since ipj > on E for 

j > Nq, using ip]\fk > ipN for such j we get 

Nk j Nk 

(2-10) ^Nk^. > + > J^^^- 

Let e > 0. For each a E E we can choose A^a > Nq large so that VK,e{ci)—i^Na{(^) < ^ ^-iid 
< e, and then we can find an open neighborhood Ua of a such that \VK,e{z) — 
Vk,9{0')\ < i^Nai^) > i'Nai^^) '~ ^1 ^^^^"^ < e for 2; G f/a- This is possible by 
the facts that regularity of K implies the continuity of Vk^ and that ip]^^ is lower 
semicont inuous . 

Now we find a finite number of points ai,...aA/ in E such that the open sets 
Ua^, . . . , Ua^ cover E. We choose Ni = max (A*"^. + NaJ. Now for each if A^ > 

ai,...,aM ' 

{Nl + NaJ, we write N = N^^k - 1) + J, where k > N^,, and A^,^ < j < 2Na^. By 
Proposition 12.21 and (12.101) we get 

Let z E E, then z G f/a^ for some aj, hence for all N > Ni we have 

< - ^n{z) < VK,e{z) - ^n^, {z) + 2e 

< 5e. 

Thus we have the desired uniform convergence on E. □ 

3. Weighted ^-Incomplete Pluripotential Theory 

In this section we define and develop two weighted versions of ^-incomplete pluripo- 
tential theory. The first one is the 6'-incomplete version of the weighted pluripotential 
theory in closed subsets of C'' and the second one is the 6'-incomplete version of the 
special case of weighted pluripotential theory studied in |Ber] . As in the 9 = case the 
second version is a special case of the first. 
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3.1. Weighted 6'-Incomplete Pluripotential Theory with Weight Defined on 
Closed Sets. Let K he a closed set in and w be an admissible weight on K as 
defined in Subsection 11.11 Then we define 

(3.1) VK,Q,e{z) := sup {u{z) \ u e Le, u < Q on K} . 

We remark that Vk^qm^ < ^,q,6»2 if > ^2- The 6* = case gives the classical 
weighted pluripotential theory. Following Siciak jSicSlj . it can be shown that Vk^q^ = 
V^ Q g, so that Vk,q£ is continuous on C'^\ {0}, for K locally regular and Q continuous. 
Here K locally regular means for all a & K, we have Kr\B{a, r) is regular for all r > 0, 
where B{a, r) := {z G | 1^; — a| < r}. 

Comparing the defining families we get the following obvious inequalities. 

Proposition 3.1. Let Ki C K2 and let w be a function defined on K2 which is an 
admissible weight on both Ki and K2. Then Vk^^q.o < V/^2,Q,f • 

Using (ii) in the definition of admissibility from section 1.1, we show that VK,Q,e 
coincides with the weighted 6'-incomplete extremal function of a compact subset of K. 

Lemma 3.2. If K is unbounded then V^^qq = V^qq, for some p > where Kp = 

{z e K \ \z\ < p}. 

Proof Since V^^ q q G L, there exists C and p such that 

VK,,Q,e{z) < log 1^1 + C for [^l > p. 

Now by the second condition of admissibility we may choose p large enough that 

Q{z) - \og\z\>C + l{oi z e K\ Kp. 

If u E Lg and u < Q on Kp, so that u < V^^ q q, by the above inequalities we get 
u < Q on K. Hence we get V^^ q q < V^ q q. The other inequality is given by Proposi- 
tion [3lll which gives the equality. □ 

Proposition 3.3. Let K be a closed subset of and let w be an admissible weight 
function on K then V^q q G L^ . 
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Proof. The case ^ = is the classical case and is well known. For < < 1 we will 
follow the proof of Lemma 3.7 of |Cal07j . 

Since V^q q < V^q and V^q G L+, we have V^Q g e L. 

Next we show that V^qq & Lg. Let M := sup q g{z) and u be in the defining 

z&B{0,l) 

class for VK,Q,e- Then |(u — M) < on 5(0,1). Hence it is a competitor for the 
pluricomplex Green function of the unit ball -8(0, 1) with logarithmic pole at the origin. 
The pluricomplex Green function of a bounded domain Q with logarithmic pole ata^Q 
is defined by 

gni^z, a) := sup{u{z) \ u plurisubharmonic on 17, m < and u{z)— log \z—a\ < C as ^ ^ a}, 

and gB(Q^i){z^ 0) = log \ z\. Hence |(u — M) < log on the unit ball. Since u is arbitrary 
we get V^qq{z) < eiog \z\ + M on S(0, 1). Thus V^q^ G Lq. 

By Lemma [3.21 we may assume K C -8(0, R) for some R. Let A := sup (6' log \z\ — 

Q{z)), then u{z) = max(^log \z\, log \z\) — A is a competitor for the extremal function 
VK,Q,e and u G Lj, hence V^Qg G Lj. □ 

We define the following sets: 

(3.2) S*j,^Q^g := {zeK\VlQ/z)>Qiz)}and 

(3.3) SK,Q,e := supp((rfrf^\/£Q,,)'^). 

Lemma 3.4. Let K he closed in and let w he an admissihle weight on K . Then 
Sk,q,9 C 5^,Q,eU{0} if0<9<l and Sk,q,9 C 5^,Q,e if 9 = 0. 

Proof. The classical case, i.e. when 6' = 0, is Lemma 2.3 of Appendix B of [ST97j . 
Therefore we assume < < 1. Let zq be a point in K \ {0} such that V^ q q^Zq) < 
Q{zo) — e for some positive e. We will show that V^ q q is maximal in a neighborhood 
of zq, i.e {dd^V^ Q gY = there. 

Since Q is lower semicontinuous we have {z G K\Q{z) > Q{zo) — e/2} is open 
relative to K. Similarly we have {z E C^l V^qq{z) < V^qq{zq) + e/2} is open. Thus 
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we may find a ball of radius r around zq such that sup V^q q{z) < inf Q{z) 

zeB{zo,r) ' ' zeB{zo,r)nK 

and ^ B{zo,r). 

By Theorem 1.3 of Appendix B in |ST97j . we can find a plurisubharmonic function 
u with u > V^ Q g on B{zq, r), u = V^ q q on C"' \ B{zo, r), and u maximal on B{zo, r). 
Then M < V^q ^ because m (2;) < sup Vj^ q g{z) < inf Q{z) for all ^ G B{zo,r). 

' ' z&B(zo,r) ' ' zeB{zo,r)nK 

Since B{zo,r) fl {0} we have u G Lg. Hence u = V^q q. Therefore we get V^q q is 
maximal in a neighborhood of zq. Hence zq is not in SK,Q,e- CH 

A special case of this is when the admissible weights are globally defined. Let 
(j) : ^ M be an admissible weight function. Generalizing the case of [Ber] we 
define weighted ^-incomplete extremal functions by 

(3.4) V<i>A^) = sup{m(2;) \ u e Lg and m < 0} for < 6^ < 1. 

Observe that V^^ = V^^g if is continuous, for in this case < on so that 
V^^e < V(f>,e- We also remark that 9 = gives V^^ = and V^^^i < V<t>,e2 if ^1 > ^2 since 

Lg^ C Lg,^. 

We define the following sets: 

(3.5) D^^g := {zeC''\Vlg{z)><f){z)}8.nd 

(3.6) S^^g := suppiidd'^Vls)''). 

If 6* = 0, we will write D^ q = and S'^^o = 'S',^- If 4> is continuous then V^^g is 
continuous and we have 

D^,g = {zeC''\V^,giz)=(l)iz)}. 

If is a globally defined admissible weight function then we define K := g and 
Q := <P\k. Clearly V^, < Q quasi everywhere in K so ^ < V^ q g. 

Conversely, on K, Vk,q,9 < Q = (p = V^^ quasi everywhere. Since {dd^V^gY is 
supported on frij{0}, by Theorem [2TT] we have V^ q q < V^^g. Hence V^ q q = V^^q. 
This shows that we may reduce the global weighted situation to the compact case by 
considering the sets Dsg- 
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As a consequence of the above definitions, Lemma 13.41 and earlier results of this 
section we have the following corollary. 



Corollary 3.5. Let (p he a globally defined admissible weight, then we have 

i) S^fi = supp{{dd'^V;,Y) C D^^g U{0} ifO>0, and for 9 = 0, 
supp{{dd''V;Y) d D^, 

ii) -0^,1 C D^^g^ C -00,02 C D^fi = where 9i> 02, 

iii) V^^g is in for < < 1, 

iv) if u E Lg and u < (p on D^^g then u < V^^g. 

The next lemma shows the monotonicity of the extremal functions under increasing 
and decreasing 6. 

Lemma 3.6. Let K G be a closed set and let w be an admissible weight on K . For 
< ^^0 < 1) as 9 \ 9q we have V^ q q increases to V^ q q^ quasi everywhere. If 9 9q 
we have V^qg decreases to V^qg^. 

Proof. The last statement is clear, thus we consider 9 \ 9q. Clearly we have monotonic- 
ity of the V^Qf). Since V^q q are bounded above by V^q q^, we have V^q q increases 
to a function, v, whose upper semicontinuous regularization v* is plurisubharmonic and 
again bounded above by V^ g g^. 

Since V^q ^ G Lg we have V^Q g{z) > max(6'log log |2;|) + Mg where Mg is a 
constant depending on 9. As 9 \ 9o we get v* G Lg^ since v* < VJ,Q,eo- 
monotonicity we get {dd^V^ q qY ^ {dd^v*Y weak-*. 

We will write S := snpp{dd''v*Y \ {0} and S' := {z G K\v*{z) > Qiz)}. By the 
lower semicontinuity of Q, and upper semicontinuity of v*, we have S' is closed. Next 
we will show that f * > Q on S* by showing that S G S'. 

Since {dd^V^QgY ^ {ddVY we have S C J Sk,qm \ {0}- By Proposition [331 

6»>6»o 

we have J Sk^q^ \ {0} C U '^^,Q,e \ {0} C G K\v{z) > Q{z)} C S' . Since 

6»>6»o B>B o 

S' is closed, we get IJ Sk^q^o \ {0} C S' . Therefore S C S' . Since V^qq^ < Q 

e>eo 

quasi everywhere on K and {dd'^v*Y does not charge pluripolar sets except the origin. 
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we have V^qq^ < v* almost everywhere with respect to {ddf'v*Y on the support of 
{ddFv*Y. Here we recall that if ^ > then V^q q^{Q) = v*{0) = — oo. Therefore by the 
domination principle (Theorem l2.ip we get V^ q q^^ < v* on C^, so that V^q q^ = v*. □ 

Corollary 3.7. Let cj) be a globally defined admissible weight. Let < < 1; as 6 \6q 

we have V^g increases to V^^^^ quasi everywhere, and if 9 Oq we have g decreases 
to Vie,. 

The following example illustrates the above corollary. 

Example 3.8. Let (f){z) = Then we have for < 6 < 1 

' e\og\z\ + I - flog I if 1^1 < -^f, 

^*,eW = < kl' if < 1^1 < -/i, 

log \z\^\-\ log \ if \z\ > 

If ^ = 1 we get 

111 

V^fi{z) = V^^i{z) = log |z| + - - - log -. 

We had given V^^ earlier in fll.81) . 

Note that D^^e = -8(0, -^)\B{0, -y/^) which increases to 5(0, ^) \ {0} as 6 decreases 
to 0. 

We define the following notions. Let i^' C C"' be compact and w be an admissible 
weight on K. We define 

(3.7) ^^IqA^) ■= sup{|P(^)r/^ I Ik^P^vllx < 1 where G vr^v.e} 
and 

(3.8) <^K,Q,o := sup{$^,Q,,} = hm <!>Iq^,. 

We can see that the supremum is actually a limit by following the proof of Proposi- 
tion E^l 

Theorem 3.9. Let < 6 < 1. Let K G be a compact set and w be a continuous 
admissible weight on K. Then VK,Q,e = ^'^Z^K,Q,e- 
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Proof. Let G vr^v^e satisfying ||w^P/v||ii' < 1. Then we have 

^\og\PN{z)\<Q{z) on K. 

Hence we get 

(3.9) log$x,Q,e < VK,Q,e- 

The rest of the proof essentially follows the proof of Callaghan |Cal07j . We will 
modify the last step using a result of Brelot-Cartan instead of Hartog's lemma. 

We fix 6 > such that 6 + e < 1. Let u G i^e+e and u < Q on K. By Theorem 2.9 
of Appendix B of |ST97] . we have 

u{z) = lim max \og\Pk,j{z)\, 

j^oo I\j l<k<tj 

where the sequence is decreasing and each Pkj is a polynomial of degree at most Nj. 
Here tj is a finite number depending on j. 
As in |Cal07] we write 

\a\=0 

and 

where [xj is the largest integer less then or equal to x. 

We remark that Pkj — P^j is a ^-incomplete polynomial. By Callaghan's asymptotic 
estimates we get 



= lim max log \Pk,j{z) - Pj^/z) 



pointwise on C^. 

By Theorem 3.4.3 c) of |Ran95j . for e\ > 0, there exists ji such that for j > ji we 
have 

W .^u^J) \PkA^) - Pk,ji^)\ <Q + £ionK, 

I\j l<k<tj 
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since Q is continuous. Now we have 

u{z) = lim ^ max \og\Pkj{z) - Pkj{z)\ < log<^ k,qAz) + 
for any Si and therefore u{z) < \og(^K,Q,e{.z). Hence we get 

VK,Q,e+e{z) < \og^K,Q,e{^)- 
By Lemma I3.6[ as £ ^ we get 

(3.10) VK,Q,e{z)<^og^K,Q,e{z). 

Combining fl3.10p with (13.91) we get the desired result. □ 
Note that if = 0, we recover 

(3.11) Vk,q = log$x,Q where ^k,q ■= ^k,q,o 

Corollary 3.10. Let < 9 < 1. Let (j) be a globally defined continuous admissible 
weight, then we have V^ g = log$<^_e, where 

(3.12) <l>l,{z) := sup{|P(^)|i/^ I ||e-^'^P;v||D,,, < 1 where G vr^v.e} 
and 

(3.13) := sup{$j:,}. 

N 

Corollary 3.11. Let < 6 < 1. Let cj) be a globally defined continuous admissible 
weight, then we have V^^g = log $0,0, where 

(3.14) ^l,{z) := sup{|P(^)|i/^ I lle-^'^Pjvllc'* < 1 where Pn G ix^fi] 
and 

(3.15) := sup{$j:,}. 

N 

Proof. It is sufficient to show that for any P/v G TiNfi-, ||e~^'^P/v||cd < 1 if and 
only if \\g^'^'^Pn\\d^ g < 1- The "only if direction is trivial. For the other direc- 
tion let Pn e -KNfi and ||e~^'^PAr||D^^ < 1. We will show that ||e-^'^P7v||cd < 1- 
We have e-^^^""^ Pn{z) < 1 for z G D^^e so we get ilog|Pjv(^)| < 0(^) on D^^e- 
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Hence it is a competitor for the extremal function V^^g, and we have ;^ log \P]\f{z)\ < 
V<t>,e{z) < (j){z) for all z G C^. Therefore we get e-^^^'^PN^z) < 1 for all zeC^. □ 

4. ASYMPTOTICS 

Let be a compact set in and /i be a Borel probability measure whose support 
is in K. We say that the pair {K, fi) satisfies a Bernstein-Markov property if for 

any e > there exists C > such that 

(4.1) \\P\\k < Ce'^'WPWm^) 

holds for all polynomials of degree at most A^. Equivalently, there exists Mn with 
(M^r)^ 1 as ^ oo such that the following inequality holds for all polynomials of 
degree at most A^: 

(4.2) \\P\\k < Mn\\P\\lH^.). 

We remark that if ii' is a regular compact set then {K, [dd'^VK)'^) satisfies the Bernstein- 
Markov property. See |Zer85] for details. 

We fix < < 1. If these inequalities are satisfied for all P G 7rjv,e for all > 0, then 
we say the pair {K, fi) satisfies a Bernstein-Markov property for ^^-incomplete 
polynomials. 

Let /i be a measure such that {K, fi) satisfies the Bernstein-Markov property for 
^-incomplete polynomials. Let {Pj} be an orthonormal basis of vTTv.e with respect to 
the inner product {f,g) '■= f fgdjji. We define the Bergman function Kisf^g{z,w) := 
^d(7v,6») p^.(^2;)Pj(iL'), where d{N, 6) is the dimension of TiN,e- 

The following two lemmas are generalizations of results of Bloom and Shiffman 
[BS07] . 

Lemma 4.1. // {K,fi) satisfies the Bernstein- Markov property for 9-incomplete poly- 
nomials, then for all e > 0, there exists C > such that 

^^•^^ ^^d{N^T - - ^^''^('^^'^.^(^))'^(^' ^) 

for all zeC^. 
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Proof. To show the first inequahty we take P G ir^^g and ||-P||a' < 1- Then we have 



\P{z) 



KN,e{z, w)P{w)dfi{w] 



K 



< I \KNfi{z,w)\dfi{w) 



K 



< / {KNfi{z,z))^{KN,e{w,w))^dn{w) = {KnA^, z)y^\\{KN,e{'w,w))2\\mt,) 
Jk 

< {KN,e{z,z))'^\\l\\L2^^)\\{KN^e{w,w))\\L2i^) = {KM,e{z,z))'^d{N,e)'^ . 

Taking the supremum of all P as above we have ^k£,n{z) < {Kj^o(z, z))id{N,9)^ , 
which gives the first inequality. 

For the second inequality, let {Pj} be an orthonormal basis of t^n^- Then by the 
Bernstein-Markov property we have ||Pj||A' < Ce^^, hence |-Pj(-z)| < \\Pj\\K^K,9,N{z) < 
Ce^'^^K,e,N{z), for all Pj. Thus we have 

d{N,e) 

K^,e{^,z)= J2 \PA^)\'<d{N,e)C'e'^''{^K,eAz))'. 
Hence we get the second inequality. □ 

Lemma 4.2. Let < 6 < 1. Let K be a regular compact set in C^. If {K, fi) satisfies 
the Bernstein- Markov property for 6 -incomplete polynomials, then we have 

^ log K^fiiz, z) Vxfiiz) 

uniformly on compact subsets ofC^ \ Kg. 

Proof We remark that d{N, 9) < d{N) := d{N, 0) and d{N) = (^+'^) < (A^ + d^. 
Taking logarithms in fl4.3p . we obtain 

\ogdiN,e) ^ log( (f^,y('r))^ ) ^ log(Ce^MA^,^)) 



N - N - N 

By the above observation we get 

d , ,N 1 , / KMg(z,z) , logC d , 

-- log iV + d)<- logi J"^'^ ' ) < -|- + e+- log iV + d). 
N N {(^K,g,N{z)y N N 

Since e is arbitrary we have ~^ 0) which gives the desired result by 

Theorem 12.31 □ 
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Let K he a compact set with admissible weight w on K. Let /x be a Borel probabihty 
measure on K. We say the triple {K, fi, w) satisfies a weighted Bernstein-Markov 
property if there exists Mjy > with (M^v)^^^ — > 1 such that for any polynomial Pjy 
of degree A^, 

(4.4) Ww^'PmWk < M^Ww^'PmWlh^.). 

We remark that if K is locally regular and Q is continuous then {K, {dd'^VK,QY, w) 
satisfies a weighted Bernstein-Markov property by Corollary 3.1 of |Blo06] . Also 
{D^, {ddf^V^Y, e~'^) satisfies the weighted Bernstein-Markov property if is continuous 
by Theorem 4.5 of [BBj . 

Theorem 4.3. Let K be a compact set with a continuous admissible weight w on K . 
Let ^ be a probability measure on K such that {K, /i, w) satisfies a weighted Bernstein- 
Markov property. Then we have 

(4.5) lim sup (|5,.,^(^)|)^/^ = e^^-«("\ 

^-"^ k=l,...,d{N) 

where {Bk,N}f=i is an orthonormal basis for the polynomials with degree at most N 
with respect to the measure w"^^ n- 

We remark that unlike the unweighted case, where w = 1, each time N changes the 
basis and the norms change. 

Proof. By the weighted Bernstein- Markov property we have 

\\w^Bk,N\\K < MN\\w^Bk,N\\L\^,), 



so we get 



Hence 



1 , \Bk,N{z)\ ^ ^, . J. 
— log ■ < Q{z) on K. 



Since (M^)i/^ ^ 1, we have limsup( sup (|5fe,„(z)|)i/^ < limsup(e^^-«(^)M^) < 

N^oo k=l,...,d{N) ' N-^oo 
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W 



Now we want to show that hminf(supS^ (15^,^(^)1)1/^ > e^^.«(^), for Vk,q{z) > 0. 
Let P be a polynomial of degree at most N such that ||w^P||x < 1- We will write 
. Since {Bk,N}k=i is an orthonormal basis we have 

d{N) 



P{z) = PBj,Ne-'''''^di^ Bj 



By the triangle inequality we have 

diN) 



\P(z)\ < 



,=1 



By the Cauchy-Schwarz inequality we have 

diN) ^ I, ^1/2 

\p{^)\ < E 



1/2 



Now since ||w^P||/< < 1 and {Pfc,Ar}^^^ is an orthonormal basis we get 



\Bj,N{z) 



This implies that 



d{N) 

\P{z)\<Y,\B,,n{^) 



d(N), 



(4.6) \P{z)\ < {d{N)) sup(|Pj-7v(^)|) for any z G C''. 

We fix z G C^. Then we have 
(4.7) 



,P<^nN,o,\\w^P\\K<l 



eVK,Q{z) < lijninf I sup \P{z)\^''' 1 < liminf(rf(Ar))i/^ ( sup(|5i,iv(2)|) 



i=i 



1/7V 



Here e^'^-Q < liminf sup \P{z)\^'^ follows from (EH]). Now since {d{N)f 



/N 



,Pe'^N.O,\\-W^P\\K<l 



1 we get the result. 



□ 



Corollary 4.4. Let (p be a globally defined continuous admissible weight and fi be a 
Borel probability measure on such that {D^, /x, e~"^) satisfies a weighted Bernstein- 
Markov property. Then we have 



(4i 



lim sup {\Bk,N{,z)\) 

^^oofc=l,...,cZ(Af) 
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Here {Bk^N}'l^=i is an orthonormal basis for the polynomials with degree at most N with 
respect to the measure e"^^"^/!. 

If (14.41) holds for any Pn G TTN,e then we say {K^ fi, w) satisfies a weighted Bernstein- 
Markov property for ^-incomplete polynomials. 

We remark that if a triple {K, fi, w) satisfies a weighted Bernstein-Markov property, 
then it satisfies the weighted Bernstein-Markov property for ^-incomplete polynomials. 

Using only the orthonormal basis for 7rjv,e and using Theorem 13.91 instead of fl3.1ip 
we get the following theorem by the same proof as for Theorem 14. 3[ 

Theorem 4.5. Let < 6 < 1. Let K be a compact set with a continuous admissible 
weight w on K. Let ^ be a measure on K such that {K,^,w) satisfies the weighted 
Bernstein- Markov property for 6-incomplete polynomials. Then we have 



(4.9) hm sup {\BlAzW=e 

jv^oo k=i,...,d{N,e) 

where {-B^ atI^^'^^ is an orthonormal basis for rcN^g with respect to the measure w'^^n. 

Corollary 4.6. Let < 6 < 1. Let (p be a globally defined continuous admissible weight. 
If {D^, fi,e~'^) satisfies a weighted Bernstein- Markov property then we have 

(4.10) lim sup {\Bl Az)\y/'' = e^^^o^'\ 

k=i,...,d{N,e) 

where {-Bf ^}^^'^'' is an orthonormal basis for Ti^fi with respect to the measure e^^^'^yU. 

Finally, we prove the strong Bergman asymptotics in the weighted ^-incomplete set- 
ting following [Berj closely. We fix < < 1. Let be a globally defined admissible 
weight and (pi^z) > (1 + £:)log|2;| if \z\ ^ 1. Let {pi, . . . ,pd{N,e)} be an orthonor- 
mal basis for n^fi with respect to the inner product (/, (7) := J^^ fge'^^'^Ud where 
ujdiz) = {dd'^\z\'^Y/A'^d\ on C^. We denote the L^— norm by UpvHv,/, := lbv||S^,V(/- = 
fed \PNiz)\'^e~'^'^'^^^^uJci{z). We define the iV— th 6'-incomplete Bergman function by 



d{N,9) 

(4.11) KAz):=Kt,/z,z)= \P. 
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By the reproducing property of the Bergman functions we have 
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(4.12) K^{z)= sup \pN{z)\'e-''"f^'^/\\p^\\l^. 

Pive7rjv,e\{0} 

Theorem 4.7. Let G C^(C'^) with (f){z) > (1 + e)log|;z| for \z\ > 1. // V^^e e 
C^'^ {C^ \ {0}) then [dd'^V^^gY ^■^ absolutely continuous with respect to Lebesgue measure 
on \ {0} and det{dd^^)ujd = {dd^V^^Y on \ {0} as {d,d) forms with ^^^(C'^) 
coefficients. For a compact set K we have a local bound 

(4.13) -1—Kr,{z) <C = C{K) for z G K. 
Moreover we have 

(4.14) 

and 

<"^' liWjf^' ^ (T^ - * °" ''^'^ " 

Here det((i(i'^M) := '■'^'^J^ and for a twice continuously different iable function u we 
have det{dd^u) = 2i det[ g^^Q-J j^k=i,...,d- The characteristic function of a set A is denoted 
by Xa- We remark that we assume V^^g G C"'^'^(C'^ \ {0}). 

We will use the following lemma from measure theory in the proof of the theorem. 

Lemma 4.8. |Ber06l Lemma 2.2] Let {X,fi) be a measure space and let {/at} be a 
sequence of uniformly bounded, integrable functions on X . If f is a bounded, integrable 
function on X with 

(1) limAT^oo jx /^^/^ = /x /^/^ ""•^ 

(2) lim sup^^oQ /at < / a.e. with respect to fi 

then fi^ converges to f in L^{X,fi). 

Proof of Theorem \4-T\ The ^ = case is proven by Berman in [Ber] , so we assume 
< < 1. 
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By assumption V^^o = on D^ g fl P and both are C^'^ on D^q fl P. Therefore 
det{dd'^(f))ujd = {ddf'V^^eY on D(j,,e H P almost everywhere as {d,d) forms with L°° coef- 
ficients by the argument in Section 12 of |Dem92j . 

First of all using (14.121) to prove an asymptotic upper bound on g^ K]\i{z) at a 
point Zq = {z^, . . . , z^), we can assume that near zq, is of the form 



(4.16) 



as in [Ber]. Namely we assume that 0(;zo) = and the first order partial derivatives of 
(f) vanish at zq. 

Following |Berj . we have for each zq G there exist R > and a constant C such 
that 



(4.17) 

and for any i? > we have 
(4.18) 



[z)\ < C\z- zq\^ on B{zo,R), 



lim 



sup 

z£B(0,fi) 



N(f){z/VN + zo)-J2^. 



0. 



We fix Zq be a point in C'^. We take a polynomial Pat G ir^fi satisfying the extremal 
property (14.121) at zq. Then we have 

d{N,9) ""^''^ d{N,9)\\p^\\%^ d{N,e)J^,\p^{zWe-^^*(^)u,{z) 
By positivity of the integrand we have 



1 



\Pn{zo)\' 



diN,ey-'~'' - d{N,e)J^^__^^^^^^^\p^{z)\^e~^m^)u;,{zy 

We choose R as in (14.171) so that we can replace 0(z) by C\z — in the integrand 
and thus we have 

\PNizo)\' 



d{N, 9) 



KNizo) < 
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We apply the subaveraging property to the subharmonic function \pn\^ on the ball 
{\z — zq\ < R/^/N} with respect to the radial probability measure with center zq 
\i — — to obtain 



\z-zo\<R/VN 



< 



For the last inequality we used a change of variable z ^ z' := {z — zq)\/N , where 
Ud{z') = N'^uJdiz). Since d{N,e) x (1 - e'^)d{N,0), we have d{N,e) > (1 - e'^)d{N,0) 
for all N > No for some 9 > 9. Now using the estimate d{N,9) > (1 - 9'^)d{N,0) = 
{1-9'^) {'^^f) > (1 - 9'^)N'^/d\ for all N>NQ,we get 

1 (i' 

-^^(^o) < FT-T " „, , . for all iV > iVo. 



(i(iV, ^) - - (1 _ 9'^) e-2Ck'Po;,(^') 

The right hand side of the inequality is uniformly bounded. As Zq varies on the compact 
set K, we get a constant C{K) giving a local bound for all > Nq. By continuity 
of ^^j^ g-^ K^iz), and considering the maxjv=i^... ^at^ sup^gj^ ^^^^ ^-^ Kn^z) we get the local 
bound fl4.13p holds at each point of K. 

For the rest of the proof, we fix zo and start with the inequality 



d{N,e) - <i(]V,#)4_,__|^„,^|p„(j)Pe-2"*(--)a,,(z) 

which holds for any R > 0. By using the same change of variable and estimates as 
above we get 



for all > A'o where 9 >9. Multiplying the integrand by e-'^^%^^i^\^ e^'^%^^^^\^ 
and taking the infimum of exp —2 N (j){z' / \/N) — Yl'j=i -^ikjP -^(0) of ^^e 
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integral, we get 



I 12 



d{N, 9) 



for all N > Nq. We apply the subaveraging property to the subharmonic function 



|piv(-2Vv^ + 2;o)| with respect to radial probability measure 
and we get 



1 dlexp 2snp^,,^^ji N(j){z'/VN) -^.^^Xj\z 

Kn{zo) < — 



/ 12 



d{N, 6) 



(1 - 0') 4,|<K 

for all N > No. By dHH]), exp [2sup|,,|<^ N(f){z'/VN) - E^i^M 
oo. Therefore we have 

1 .... , c^! 



/ 12 



1 as AT 



As i? ^ oo the Gaussian integral on the right hand side goes to 2<i\j^...\^ -^i > 

and to +00 otherwise. Since det{dd'^(f){zo)) = i'^dlXi • ■ ■ we have 

1 , 1 det . 

^'•''^ ^Ti^p W) ^^'^ - (T^^^-^^^^^ °" ^ ■ 

Letting 6 ^ 6 we obtain 

1 1 detfrffi'^^) . 

^T-!:;^ w) ^^'^ - (T^^^-^^^^^ °" ^ • 

By the definition of limsup and using the extremal property (14.121) . we get 



(4.21) 



where Cn = jtzq^ ^^Pzgd^ enp Next we will show that 



< Cn on D^^0 for any pn G nN,e, 



(4.22) 



Let Pn G nN,e such that ||pAr|||r^ = N then by (I4.2ip we have 

\pN{z)\'e~''''^^^'> <Cn on D^,,. 
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By taking logarithms we get 

^log\pN{z)\^ < (p{z) + ^\ogCN on D^^e 

and thus we have 

±^\og\p^{z)\' < V^^oiz) + ^logC^ on C'. 
So from the extremal property of Bergman functions (14. 12p we obtain 



-Lk^^z)= sup |pjv(^)|'e-2^'^(^) <C^e-2^(<^(^)-^'^.«(^)) on C 

^ \\Pn\\%^=N-'' 

Since 4>{z) > V(f,£{z) on \ D^ g, we obtain 



Using d{N, ^) x (1 - 9'^)d{N, 0), we obtain 

From (14.221) and the growth assumption on (p, for a sufficiently large R, there is a C 
with 

(4.23) -^^Niz) < C\z\-^^' for \z\ > R. 

By combining the local bound (14.131) and above estimate (I4.23P we get a global bound 
for ^^^g^ K]\r. Therefore Lebesgue's dominated convergence theorem gives that 

(4.24) lim / ^^Kr,ujd = 0. 

Next we show that 

y f 1 1 /■ det(c/c/^0) 
4.25 hm / ^. KNUJd = jz ^ / ' ^d- 

To prove ( 14.25p . we know that 
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and using fl4.24p we have 



1 = lim / ^. KNUJd = lim / ——rrKNUJd- 

On the other hand, using the positivity of the integrand and applying (I4.20p on D^^, 
we have 

By the first part of this theorem, we can replace det{dd'^(f))ujd by {dd'^V^^Y which has 
total mass (27r)'^(l — 9'^) on D^ ^ fl P, hence we have 

1 f 1 ^ 1 f {dd^V^,eY {271^(1-9^^ 



JD,,nP d{N, 9) " - (1 - 9'^) J^^^^r^p (2vr)'^ (27r)'^(l - 9<^) 
This gives ( 14.251) . We will use this relation, together with (14.141) . to show that 
1 J. 1 det(rfrf'^0) , , 

We set /tv := diWJi^N and / := (Tr0d)XD^,enP^^|^^- By the upper bound (|4.20p we 
have lim sup fN^f almost everywhere and by (I4.24p and (14.251) we have lim7v-»oo fN^d 
J^a f^^d- Thus by LemmaSSlwe get the convergence of -j^^Kn to (T^XD^.^nP^^^^^^ 
in L^iC"^). This implies the weak-* convergence of -^j^^K^Ud to jY^XD^^gnP^^^^^yr^uJd 
and completes the proof of the theorem. □ 
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